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Abstract

We study the evolution of a one dimensional model atom with J-
function binding potential, subjected to a dipole radiation field E(t)z with
E(t) a 27 /w-periodic real-valued function. We prove that when E(t) is a
trigonometric polynomial, complete ionization occurs, i.e. the probability
of finding the electron in any fixed region goes to zero as t — oc.

For ¢(xz,t = 0) compactly supported and general periodic fields, we
decompose ¥ (x, t) into uniquely defined resonance terms and a remainder.
Each resonance is 27 /w periodic in time and behaves like the exponentially
growing Green’s function near = +o0o. The remainder is given by an
asymptotic power series in t~'/2 with coefficients varying with z.

1 Introduction

The ionization of an atom by an electromagnetic field is one of the central prob-
lems of atomic physics. There are a variety of approximate methods for treating
this problem, including perturbation theory (Fermi’s golden rule), numerical in-
tegration of the time-dependent Schrodinger equation and semi-classical phase
space analysis leading to stochastic ionization [3, 5, 18, 21, 22, 25]. Rigorous
approaches include Floquet theory and complex dilations [18, 19, 37, 2]. Despite
this, there are few exact results available for the ionization of a bound particle
by a realistic time-periodic electric field of dipole form E(t) - # (an AC-Stark
field) for fields of arbitrary strength. The most realistic results we are aware of
are based on complex scaling [18, 19, 37] and show ionization (for small electric
field) of certain bound states of the Coulomb atom as well as defining resonances
in some regions of the complex energy plane.

The lack of rigorous results for large electric fields is true not only for realistic
systems with Coulombic binding potential, but even for model systems with
short range binding potentials [3, 5, 17]. The most idealized version of the
latter has an attractive d-function potential in 1 dimension. The unperturbed
Hamiltonian Hy = —92 — 26(z) has a bound state ¢o(x) = e~1*l with energy
Ey = —1, and explicitly known continuum states [9]. This model has been
studied extensively in the literature, but the only rigorous results (known to
us) concerning ionization involve short range external forcing potentials rather
than dipole interaction; see however [4, 15, 24] for some rigorous bounds on



the ionization probability by a dipole potential for finite time pulses. Detailed
results for compactly supported forcings were obtained in [8, 9, 28, 6]. In this
work we develop techniques to deal with physically realistic dipole interactions.

We consider the time evolution of a particle in one dimension governed by
the Schrédinger equation (in appropriate units) with a time-periodic dipole field:

i0p(x,t) = (—% — 25(x)) Y(x,t) + E(t)xyp(z,t) (1.1a)
P(x,0) = o(x) € L*(R) (1.1b)

We prove the following result.

Theorem 1 (Ionization) Suppose E(t) is a trigonometric polynomial, i.e.
N
E(t) — Z (Enem,wt + E_ne—m,wt) ) (12)
n=1

Then for any vo(z) € L*(R) ionization occurs, i.e. for i(x,t) solving (1.1),

L
lim [(x,t)|*de =0, VL eR' (1.3)

t—o0 _L

If Yo(x) € LY(R) N L3(R), then the approach to zero is at least as fast as t=1.

When E(t) is not a trigonometric polynomial (i.e. N = oo in (1.2)), the
Floquet Hamiltonian may have time-dependent bound states and ionization
may fail. This is uncommon, but there are examples of time periodic operators
where such bound states exist [9, 27].

A key part of the proof of Theorem 1 is a theorem characterizing the struc-
ture of ¢ (x,t). This result holds even if N = oo in (1.2). We first need a
definition.

Definition 1.1 For the system described by (1.1), a Gamow vector is a classical

solution of Floquet eigenvalue equation with R, € [0,w)?!:

<—i8t - ;—; — 26(z) + E(t)x — m) Doz, t) =0 (1.4a)

Opo(x,t) = Pp oz, t + 27 /w), (1.4b)
subject to a radiation boundary condition at x = +o0:

Zn wﬁei\/ﬁk+nwwefimutefib(t)x7ia(t) <0

(bk’o(x’ t) = { En ¢7I§e—z\/{7k+nwx€—inwte—ib(t)m—ia(t) x Z 0 (14C)

IWe make this restriction due to the time-modulation invariance of (1.4). If @ o(z,?)
solves (1.4), then ™“'®y, o(z,t) also solves (1.4) if we replace &), by &) + nw.



The functions a(t) and b(t) are defined in (1.8), and are necessary to account
for the presence of the E(t)x potential. The square root is chosen to have a
branch cut on —iR™ and maps RT into RT.

A generalized Gamow vector @, ;(x,t) solves the equation:

. 0?
(—z@t e 26(z) + E(t)x — 6’k> Dy i(z,t) = Dp j—1(x, 1) (1.5)

By definition, @ _1(x,t) = 0.

Remark 1.2 For Sy, > 0, (1.4c¢) implies that solutions to (1.4) revert to or-
dinary L2([0, 27 /w] x R)-eigenvalues of the Floquet Hamiltonian. This implies
that solutions of (1.4) with Sy > 0 are impossible; if such solutions existed,
that would contradict the L2-self-adjointness of (1.4a). When 36 = 0, Gamow
vectors revert to being L2([0,27/w] x R) solutions of (1.4a), and %L = 0 for
n > 0 (otherwise @y o(z,t) would not be in L?). When I35 < 0 the terms in
(1.4c) become exponentially growing near x = +oo, and no exponentially de-
caying terms are present. This is what distinguishes Gamow vectors from other
solutions to (1.4a) and (1.4Db).

In fact, one can construct exponentially growing solutions of (1.4a) for all
0. Such solutions would have both growing and decaying terms on at least
one side of zero, and therefore fail to satisfy (1.4c). This makes the radiation
boundary condition (1.4c) crucial in defining Gamow vectors and resonances
[25, 31, 20, 32, 36]. These boundary conditions define &3 and @y ;(z,t) uniquely.
Theorem 2 (below) shows that these Gamow vectors are directly connected to
the time behavior of ¥ (x,t).

Theorem 2 Suppose 1)o(z) is compactly supported and in H* and E(t) is smooth
and time periodic. Then, the solution ¥ (x,t) of (1.1), can be uniquely (for fized
M) decomposed as:

M ng

P(z,t) = Z Z g e R Py (2, t) + Wy, t) (1.6)

k=0 j=0

The resonance energies 5y, satisfy o1, < 0, and are ordered according to So;41 <
Q.  The resonant states Py j(x,t) are the Gamow vectors (generalized, if
j>0), as per Definition 1.1.

In (1.6), we collect the M resonances with oy, closest to zero, and M must
be large enough so that we collect all resonances &y with & = 0. The number
of Gamow vectors (and resonances) may be infinite, but we can only include
finitely many of them in (1.6).

The remainder Wy (x,t) has the following asymptotic expansion in time:

Uyp(x,t) ~ Y e "Dy ()t (1.7)
n=1

JEZ



This expansion is uniform on compact sets in x, but not in L. In general,
Dj . (z) is not in L?.

Uniqueness of the decomposition is defined relative to the analytic structure
of ¥(z,t): the Zak transform of ¥(x,t) has poles at 0 = &y (with residues
proportional to Oy j(x,t)), while ¥yr(x,t) has Zak transform that is analytic
on the region {o : Ro € (0,w),So > Sdp}. The Zak transform is defined in
Section 3.

Gamow vectors have a long history in quantum mechanics, dating back to
[16, 13, 25]. They were first introduced by Gamow, who used them to study
tunneling rates. Definition 1.1 is an extension of the usual definition of Gamow
vectors; a Gamow vector for a compactly supported potential (on [—L, L]) is
typically defined as a classical solution of the equation [-9%+V (z) — u]®(z) =0
having the behavior ®(z) = ¢LetVF® for < —L and ®(x) = ¢Te~VH for
x > L (with p the corresponding complex eigenvalue). The usual interpretation
(see [32, 25] for an operator theoretic perspective) states that the real part of u
is the energy of a Gamow vector, while the imaginary part is the decay rate. In
spite of their age and usefulness in making experimental predictions, rigorous
justification of the use of Gamow vectors is still lacking (see, however [32]).
Theorem 2 provides a rigorous definition of resonances and ionization rates
for the case we consider, and is thus a step towards making Gamow vectors
completely rigorous.

The remainder term Wy (x,t), which we shall term the dispersive part, in-
corporates any resonances dy with k£ > M (if such resonances exist), as well as
the integral around a branch point which gives rise to the polynomially decaying
component. The resonant states @y ;(z,t) are the residues of the poles of that
same function (M can not be greater than the total number of poles). This is
equivalent (via (3.7)) to the requirement that the Laplace transform of W (x,t)
is analytic for Sp > —vjs except for an array of branch points on the periodic
array p = nw, n € Z (with p dual to t).

We believe the dispersive part ¥ (x,t) is Borel summable, although this
does not follow from our results. To show this, one needs to find exponential
bounds on Z[(0,t)](o,t) as So — —oo, which would also show that there is
only one resonance &g, the analytic continuation of the bound state.

Remark 1.3 Define vy, = —Sdy; for small values of v, 27y gives the dominant
part of the ionization rate for the k-th resonance. The smallest rate, g, gives
the overall ionization rate for most experimentally relevant times [3]. We are
only aware of one experiment where the dispersive part of the wavefunction
has actually been observed experimentally [29], although under significantly
different physical conditions?. In most experiments the dispersive part is small
enough to be safely neglected, and is in fact very difficult to measure.

Remark 1.4 If ¢(x) is not compactly supported a similar decomposition to
(1.6) can be computed, but with extra terms coming from singularities of the

21n [29], the authors studied luminescent decay of dissolved organic materials after a pulsed
laser excitation, and observed polynomial decay after all exponential terms had vanished.



Fourier transform of ezt (z) (with respect to ¢). These terms are present
even in the absence of a potential, and are therefore not resonances.

1.1 Small Field Limit

Replacing E(t) by eE(t), 6o and P o(x,t) have convergent power series expan-
sions in € when w™!' ¢ N. When ¢ — 0, we have e~"90'®q o(x,t) — e'te |7
(pointwise), the bound state of Hy and ¥y (x,t) goes to the projection of ¢ (x,t)
on the continuum states of Hy. This shows that the first resonance is the
analytic continuation in € of the bound state. This rigorously justifies some
standard physics calculations in [13, 16, 25] (see also the forthcoming work [36],
from which we drew inspiration). The Fermi golden rule and multiphoton gen-
eralizations can be recovered in our formalism through perturbation theory.

All other resonances come from o = —ico, i.e. as € — 0, v, — oo for k > 1.
We conjecture that states with k& > 0 (which do not exist when € = 0) do not
exist regardless of e. Indeed, in all other cases considered [8, 9], such states do
not exist, but our technique does not rule them out. See Remark 3.15 for more
details on this point.

1.2 Equivalent formulations

Here we describe some equivalent formulations of (1.1). This material is essen-
tially taken from chapter 7 of [11]. We will use (1.10) in the proof of Theorem 1
and (1.9) in the proof of Theorem 2. We first define some auxiliary functions:

¢
a(t) = / b(s)?ds = aot + ay(t) (1.8a)
0
By i En i
— ninw inw 1.
b0 = 3 (et S (1.8b)
—( E. E A > A .
t)y=2 T inwt n —inwt | — - inwt - —inwt
) 1 <(inw)26 + (—inw)Qe > — (C € + Che )
(1.8¢)
where a,(t) is 27 /w periodic and has mean 0, and ag = (w/27) OQW/“) b(s)%ds.

Note that (1/2)c"(t) = '(t) = E(t).
Define v, (z,t) = et @Bt (@=c)y) (5 — ¢(t),t); then the following equa-
tion for v, is equivalent to (1.1):
2

006 0,0) = (55 = 2800 — 1) ) (ot (19)

This is the velocity gauge, and the equivalence can be verified by a computation?.
Similarly, there is an equivalent equation in the magnetic gauge. We obtain it

3Equation (1.9) differs from what one finds in [11]. In [11], the authors take b(t) =
f(f E(s)ds and ¢(t) = fg b(t)dt, which imply that é(t) = c(t) + co + cvt. This does not
change the essential feature that (1/2)c” (t) = b/'(t) = E(t).



by setting g (z,t) = et @B ety (2 1):

i (x,t) = (_aa_; —25(x) + 2ib(t)8m) Vp(@,t) (1.10)

Remark 1.5 Suppose that either ¥ g(z,t) or ¥, (z,t) are time-periodic solu-
tions of (1.10) or (1.9). Then ¥ (x,?) is a time quasi-periodic solution of (1.1),
and e'@l)(z,t) is time-periodic.

These computations are formal, and we must show that at least one of (1.1),
(1.9) or (1.10) are well posed. This is shown in Appendix C. Once one is well
posed, all are, simply by applying the unitary gauge transformations.

1.3 Organization of the Paper

The paper is organized in the following way. In Section 2, we assume Theorem
2 to be true and use it to prove Theorem 1. In Section 3 we prove Theorem 2.
In Section 4 we make some concluding remarks, and discuss possible directions
of future research. Some technical material is presented in the appendices.

2 Ionization

Based on Theorem 2, we will show that the Floquet equation (1.4) in the mag-
netic gauge has no nonzero solutions with o = 0 which decay at © = +o0.
This implies ionization for compactly supported initial data. Ionization follows
for all initial data in L?(R) by a simple application of the following well known
result to the operator family 7'(t) = 1j_r j(x)U(t) (with U(t) the propagator
for (1.1)):

Proposition 2.1 If T(t) is a uniformly bounded family of operators on L*(R),
and if T(t)u — 0 for u in a dense subset of L*(R), then T(t)u — 0 for all
u € L*(R).

In Section 2.1, we solve (1.10) without a binding potential (the —2§(z) term)
and characterize the solutions. We then assume that a bound state @y o(z,1)
exists, expand it in an appropriate basis, and derive necessary conditions on the
coefficients to meet the boundary conditions (decay at © = +oo and continuity
at z =0).

In Section 2.2, we use the characterization of solutions we constructed in
Section 2.1 and show for E(t) a trigonometric polynomial that there are no con-
tinuous, nonzero solutions to (1.10) which vanish at @ = too. The basic tech-
nique is to analytically continue, in the ¢ variable, both ¥5(0_,t) and ¥ 5(0,,1)
(which must coincide) and use the Phragmen-Lindel6f theorem to show that an
associated function must be entire and bounded (and therefore constant). This
implies that any localized solution to (1.4) is zero, and ionization occurs.



2.1 Solutions to the free problem

By Theorem 2, we need to show that (1.4) has no nontrivial solutions. In the
magnetic gauge, this is the same as showing that if & o(x,t) solves

G Dpo(x,t) = (—idy — 02 — 20(x) + 2ib(£)0y) Bp o (x, 1), (2.1)

is time periodic and decays at = £o00, then @y o(z,t) = 0.
We begin by solving (2.1) without the J-function binding potential (and
letting o = &y, which causes no confusion in this section),

o(x,t) = (—idy — 02 + 2ib(t) 0, )1 (x, t) (2.2)
Taking 1 (x,t) = e’ (t) as an ansatz, we obtain an ODE for ¢y (#):
pa(t) = —i (=0 — N>+ 2iAb(t)) pa(t) (2.3)
This has the following family of solutions (recalling that ¢/(t) = 2b(t)):
pa(t) = e iErterelt) (2.4)
Ey=—-0-X\

To ensure 27 /w periodicity in time, we must have (—o —\?) = mw, m € Z. This
implies that A\ = 4iy/mw + o (with the branch cut of 1/z taken to be —iR™).
Therefore, (2.2) has the family of solutions:

(Pm,:l:(x7 t) — ej:)\mxefimwtei)\mc(t) 25&)

(
Am = —iVo+mw (2.5b)

2.2 Matching solutions

Given the family of solutions to (2.2), we can attempt to solve (1.10). Applying
Theorem 2, we have three boundary conditions to satisfy:

D1 0(0,8) = g 0(0—,t) = P 0(0,¢) (2.6a)
OpPr,0(04,t) — Oy P 0(0_,t) = —2P (0, ¢) (2.6b)
lim @ (—x,t) = lim ®po(+z,t) =0 (2.6¢)

Consider now a solution @y o(x,?). We can expand (formally) @y o(z,t) in
terms of the functions ¢,, 1+ in the regions z < 0 and x > 0 separately*:

(I)k’()(x,t) — { Emez(w#,+¢m7+(xa t) + 1&#’4,07”7_(32, t))v r < (27)

Emez (¢£,+<Pm,+($a t) + er;,,—gOm,— (Z‘, t))v T Z 0

For m > 0 (recalling 6, € [0,w) and examining (2.5b)), the functions
©m,+(x,t) are oscillatory in  as * — £oo. Thus, if the coeflicients wTLn’fi

4The validity of the expansion is proved in Lemma B.2 in Appendix B.



(m > 0) were not zero, then @y ¢(z,t) would not decay as x — %00, violating
(2.6¢).

Similarly, we observe that ¢y, +(z,t) are exponentially growing when m < 0
as r — 400, SO 1/1% , must similarly be zero. The same argument applied to
the region z < 0 shows that 1!151, 4 must be zero when m < 0. Therefore after

dropping the + in the coefficients 1/151’5[, we obtain the result we seek.
Thus, we find that we can actually write ® o(x,t) as:

— Zm<0 ern(Pm,—i-(x, t), <0
Pp0(z,t) = { Y m<o wﬁwm,—(m), x>0 (2.8)

with both sequences L in 2. Although this derivation is purely formal, it is
proved in Appendix B. It also motivates (1.4c).
Substituting (2.8) into the continuity condition (2.6a) yields:

Z wL —imuwt )\mc (t) _ Z wR 7zmwt —Amec(t) (29)

m<0 m<0

Proposition 2.2 Suppose E(t) is a trigonometric polynomial with highest mode
N, that is E(t) = SN (E,e™t + E,e™!). Set z = e~™t. Then &y 0(0,1)
has the decomposition.:

C10(0,8) = f(2) +9(=7") (2.10)

The functions f(-) and g(-) are entire functions of exponential order 2N, and
g(0) = 0. This shows in particular that @y 0(0,t) is continuous.

The correspondence between ®y 0(0,t), f(z) and g(z) is as follows. Let 1);
denote the j'th Fourier coefficient of ®x,0(0,t), that is @0(0,1) =3, eIt
Then letting f;, g; be the Taylor coefficients of f(z), g(z), we find f; = _; for
j >0 and g; =; for j <O0.

The proof of this fact uses results from Section 3, and is deferred to Appendix
A. Finally, we state a result we use, proved in most complex analysis textbooks,
e.g. [35].

Theorem 3 (Phragmen-Lindel6f) Let f(z) be an analytic function of ex-

ponential order 2N, that is |f(z)| < CeC' 12" | Let S be a sector of opening
smaller than w/2N. Then:

sup |f(z)| = sup|f(2)]
2€0S z€S

We are now prepared to prove the main result.
Proof of Theorem 1.

We describe first the case N = 1 now (i.e. E(t) = E cos(wt); the case of
arbitrary N is treated below). The key idea is that we can use (2.8) and (2.9)
to obtain an asymptotic expansion of ®40(04,¢) and ®40(0_,¢) in the open
right and left half planes in the variable z = e~™!. To leading order as |z| —



00 in the left and right half planes (respectively), @5 o(0_,t) ~ bk 2 e CI%=]
and @y, o(04,t) ~ Pl zme=CR=l (note that m and C' may be different). This
asymptotic expansion shows that f(z) decays exponentially along any ray z =
re'® in the open left or right half planes.

In fact, the asymptotic expansion allows us to observe that f(z) (the part
of @y 9(0,¢) which is analytic in z) must be bounded except possibly on the line
iR. Theorem 3 combined with Proposition 2.2 allow us to conclude that f(z) is
bounded on the line iR. This shows f(z) is bounded on C and hence zero.

Since f(z) is zero, ®40(0,t) = g(2) ~ gpz~™ for some M € N (since g(z)
is analytic). But we previously showed also that @y o(0,t) ~ ¥k zmeCI%l,
Two asymptotic expansions must agree to leading order; the only way this can
happen is if g(z) = @y 0(0,t) = 0.

The main difference between the case N = 1 (monochromatic field) and N >
1 (polychromatic field) is that instead of the exponential asymptotic expansions
being valid in the left and right half planes, they are valid in sectors of opening
m/N; to show this we need to apply Theorem 3 to the boundaries of these
sectors.

We now go through the details.

Step 1: Setup

Let @ 0(z,t) be a solution to (1.4). By the hypothesis of Theorem 1, we
let E(t) be a nonzero trigonometric polynomial of order N. Let z = e, Let
C(z) = Zj\]:l (Cj27 + Cj277) where the C; are the coefficients from (1.8¢). We
apply Proposition 2.2 to ®4(0,t) and (2.9) to obtain:

®p0(0,t) = f(2) + gz
=3 phameneE) = N pltamemAne:)(2.11)

m<0 m<0

The first equality holds by (2.10), the second by (2.8) with z = 0. A priori,
equality holds only when |z| = 1. However, both of the latter two sums are
analytic in any neighborhood of the unit circle in which they are uniformly
convergent. Thus, f(z) + g(z7!) is the analytic continuation of the sum if the
sum is convergent in some neighborhood containing part of the unit disk.

For the rest of this proof, we make the following convention. The functions

YIE(2) are defined by

Z L ZmetAnelz (2.12a)
m<0

— Z w”lzzme*)\wnc(z) (2.12b)
m<0

for those z for which the sum is convergent.

Step 2: Convergence of the sum

We show now that the sum in (2.11) is convergent in a sufficiently large
region.



For |z| > 1 and R&(z) > 0, consider the sum > YR me=Ame(2) | I
this region, since RE€(z) > 0, we find that e’ () < 1. The coefficients 21
are bounded uniformly in m (since they form an [? sequence). For |z| > 1,
Z™ is geometrically decaying as m — —oo. Therefore the series is absolutely
convergent when |z| > 1 and #¢(z) > 0.

The same statement holds with > L 2metAm€(2) in the region where
RE(z) < 0.

Let us define the following sets:
St = Connected component of S* in {z € C: |z| > 1,R€(z) > 0}

S~ = Connected component of S* in {z € C: |z| > 1,R€(z) < 0}

A plot indicating the structure of these sectors (for a particular choice of €(z))
is shown in Figure 1 for the case where N = 2.

By Proposition 2.2, we see that 1(2) is analytic in ST and 1% (2) is analytic
in 57, since the sum in (2.12) is convergent there.

We now show that ST and S~ must be unbounded since €(z) is not constant.
First, note that €(z) = €(z71). As in the Schwarz reflection principle, define
B =St U(ST)L Clearly, R€¢(z) = 0 for z € dB. If ST is bounded, then B is
bounded as well. By the real max modulus principle, #¢(z) must be zero inside
B, and hence R¢€(z) is bounded everywhere, which is impossible.

Finally we show that the regions ST and S~ “fill out” to open sectors as
|z| — oco. That is to say, if S is some sector in which Rz~ > 0, then for any ray
{re® : r > 1} contained in S, there exists R = R(f) so that the truncated ray
{re? :r > R(0)} C S*.

Without loss of generality®, let us suppose that Oy € R*. For very large
|z|, we write €(z) = Zj\]:l Cjzd + Cjz77 = Cn2™ + O(2"~1). Then setting
z =re?, we find that r=V&(re??) = Cne™? + O(r—1). Thus, for r sufficiently
large and N # (2m+1)7/2, we find that r~N &(re??) has either strictly positive
real part or strictly negative real part. In particular, if |[NO F /2| > ¢, then
there exists an R = R(e, 0) so that Rr—N&(re?) is bounded strictly away from
zero.

Motivated by the above, we define the following subsets of C (with j =
0...N—1):

A;fe = {re? : r > R(e,0),
0 €[-7m/2N +27j/N 4+ €,7/2N + 27j/N — €]} (2.13a)

AT ={re? :r > R(e,0),

J,€

0 €[—n/2N +2n(j +1/2)/N +e,7/2N + 27(j + 1/2)/N — €]} (2.13Db)

5Suppose Cny = pet?. Then rather than choosing z = e'*! we would substitute z =
ei(wt—0/N)

10



Clearly, for sufficiently large R, A;fe \ Br C St and A, \ B C S™. Here, B
is the ball of radius R about z = 0.

Step 3: Asymptotics of f(2)

We now show that f(z) = 0. We begin by writing f(z) as follows:

f(Z)=§:fnz”:—§:gnz + ) gplame At ;e 5t (2.14a)
n=0 n=1 m<0

= i fn2" = — i gz "+ Z YL ametAntz) o e 5 (2.14b)
n=0 n=1

m<0

We let Sp,k = 0,...,2N 4+ 1 be a set of sectors of opening 7/(2N + 1)
arranged in such a way that the boundaries of Sy avoid the rays re/™(2+1)/2N
Therefore, for sufficiently large |z|, the boundaries of Sy are contained in either
A*f or A _ except for a compact region. On 95k, f(2) is decaying as |z| — oo,
by a simple examination of (2.14). Since f(z) is entire (unlike ¥ (2)), f(z) is
also bounded on 0S5 even for small z.

We have shown that f(z) is bounded on 0Sy. Applying the Phragmen-
Lindelof theorem, f(z) is therefore bounded on Sk. Since UZ"J(TS = C, we find
f(2) is constant. Since we know that along any ray contained in A o f(2) 1s
decreasing, we know f(z) = 0.

Step 4: Asymptotics of g(z)

We now show that g(z) = 0. We rewrite (2.14) with g(z) on the left side.

Z Ggnz™ " = Z PRome A=) 5 e gF (2.15a)
= m<0

Sgarn =Y wkamet ) s e 5o (2.15D)

n=1 m<0

Since the left sides of (2.15a) and (2.15b) are (convergent) asymptotic power
series (for sufficiently large |z|), while the right sides of (2.15a) and (2.15b) are
(convergent) asymptotic series of exponentials, we find that the right side decays
much faster than the left side. This is impossible unless both sides are zero. [

3 The Floquet Formulation

In this section we prove Theorem 2. To do so we consider the function Y (¢) =
(0, t) and derive a closed integral equation for it via Duhamel’s formula. Com-
puting the Zak transform in time of this equation yields an integral equation
of compact Fredholm type for Z[Y](o,t), the Zak transform of Y'(t). The in-
tegral operator is shown to be analytic in o; the analytic Fredholm alternative
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to this equation shows that Z[Y)(c,t) is meromorphic® in o'/ for Ro € [0, w).
The poles corresponds to resonances or bound states, while the branch point at
o = 0 corresponds to the dispersive part of the solution.

In Section 3.3 we extend these results from x = 0 to the entire real line. We
show that the wavefunction can be decomposed in the form (1.6). If 3G = 0,
then Ro, € (0,w) and @y o(x,t) corresponds to a Floquet bound state. The
remainder Wy, (z,t) decays with time, in particular ¥y (z,t)| = O(t~'/?) (or
faster) as t — oo, though not uniformly in z.

3.1 Setting up the problem

We work in the velocity gauge. We rewrite (1.9) in Duhamel form, using the

Green’s function for the free Schrédinger equation, (4mit) =1/ 2¢ia” /4t

Yy, t) = Py oz, 1)
+2z//exp( x“”)))acr—c( N S —C

4mi(t — ')

where we have defined:
. . 712
ol t) = %00, 0,0) = [ (amity /2, o o)
R
Computing the 2’ integral explicitly and changing variables to s = t — t’ yields:

%(x,t) = d}v,o(x’t)
e (TN g )
iy / exp( )W (t—s)t-s5)—2_ (32)

4s 4mis

We now substitute = = ¢(¢), to obtain a closed equation for ¥, (c(t),t):

Vo (c(t), 1) wv 0

exp (L= - .- 9% (33)
f / (o 7

Letting Yo(t) = tu0(c(t),t) and Y (t) = ¢(c(t),t) for t > 0 (both are set
equal to 0 for ¢ < 0) we obtain:

+ \/g/ot exp (i(c“) _468“ - s))2> Yt - s)% (3.4)

The main tool of our analysis will be the Zak transform.

6The branch point at o = 0 is repeated at o = nw, n € Z, due to the pseudo-periodicity of
the Zak transform, c.f. (3.6¢). This also makes it sufficient to consider only o € [0,w).
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Definition 3.1 Let f(t) =0 fort < 0 and |f(t)] < Ce** for some o > 0. Then
f(t) is said to be Zak transformable. The Zak transform of f(t) is defined (for
So > ) by:
Z(fl(ot) = eI f(t 4 2mj fw) (3.5)
JEZL
and by the analytic continuation of (3.5) when So < «, provided that the ana-

lytic continuation exists (treating Z[f](o,t) as a function of o taking values in
12((0, 2w, dt)).

Proposition 3.2 Z[f]|(o,t) has the following properties:

184w
Ft) = w! / =7 Z[f)(0,)dor (3.6a)

If Z[f](o,t) is singular for So = B, this integral is interpreted as the limit of
integrals over the contours [i(3 + €),i(8 + €) + w] as € — 0 from above.

Z[fl(o,t + 27 /w) = Z[f](0,t) (3.6b)
Z[f](o +w,t) = ¢ Z[f] 0 1) (3.6¢)

If p(t) is 27 /w-periodic, then:
Z[pfl(o,t) = p(t) Z[f](0; 1) (3.6d)

With the exception of (3.6a), these results all follow immediately from (3.5).
See Remark 3.5 for an explanation of (3.6a).

Remark 3.3 Suppose f(t) is Zak transformable, and uniformly bounded in
time (o = 0). Suppose further that the analytic continuation of Z[f](c,t) has
a singularity (say at o = 0). Then (3.6¢) still holds, in the sense that for any
direction 0, Z[f](0 + w + 0 t) = e Z[f](0 + 0e', 1).

Remark 3.4 More information on the Zak transform can be found in, e.g., [12,
p.p. 109-110]. Our definition differs slightly from that in [12] by allowing o to
take complex values.

Remark 3.5 One can relate the Zak and Fourier transforms as follows. Let
f(k) = [ e* f(t)dt denote the Fourier transform of f(t). Then:

Z[f0t) = 5= > flo +nw)e ! (3.7)

nez

The Poisson summation formula, applied to (3.5), yields (3.7). Eq. (3.6a) fol-
lows immediately from (3.7). This relation implies that our approach is equiv-
alent to the Fourier/Laplace transform analysis done in [7, 8, 1]. The Zak
transform is used simply for algebraic convenience.

13



We proceed as follows. Applying the Zak transform to (3.4) yields an integral
equation of the form

y(o,t) = yo(o,t) + K(a)y(o,1) (3-8)

with y(o,t) = Z[Y](0,1), yo(o,t) = Z[Ys](o,t) and K (o) the Zak transform of
the integral operator in (3.4). K (o) will be shown to be meromorphic in o as
a compact operator family from L2(S!,dt) — L?(S*',dt), except for a branch
point at ¢ = 0.

We then use the Fredholm alternative theorem to invert (1 — K(o)). Once
this is done, we find:

y(o,t) = (1 - K(0)) 'yo(o.1) (3.9)

The poles of (1— K (c))~! correspond to resonances, and a branch point at o = 0
corresponds to the dispersive part of the solution, i.e. the part with polynomial
decay in t~1/2.

To begin, we determine the analyticity properties of Z[Y](a,1).

Proposition 3.6 Suppose ¥o(x) is smooth and compactly supported. Then near
o =0, yo(o,t) has the expansion:

ZY%)(0.1) = (o, 1) = 50~ /R do(a)dz + f(o,t) (3.10)

The function f(o,t) is analytic in o'/ for Ro € [0,w) (there are similar branch
points at 0 = nw), and is in L?(S1,dt) for each o. Also, for some constants Cy
and Cy, we have

1Z1Y0] (0, D)l sy ary < CreI™7!

Here, S, =R/(2m/w)Z is the set [0, 2 /w] with periodic boundaries.
The same conclusion follows for Z[(x + c(t),t)](o,t) for any fized x.

Proof. We can write out Y(¢) using the Fourier transform as:

Yo(t) = xas (1) [ €0 o k)
R

14



Computing the Zak transform yields:

Z[Yo] O' t Zev(r(t 271']/4.0)XR+ (t - Qﬂ_J/w)/eikc(t)eikz(t—Q'rrj/w)dA}O(k)dk
JEZ R

= / eikc(t)qzjo(k) Z eio(t727rj/w)eik2(t727rj/w)XR+ (t . 27rj/w)
R N
JEZL

_ ihe(t) e—inwt
B /Re Yolk) [Z i(k? 4+ 0 + nw)

nez

=07 1%(1/2) /Rwo@)dy +o712(1/2) / (VIO = 1)po (y)dy

R
/e_mwcu)—mwo(y)dy (3.11)

—Mum‘
i Z 2v/o +nw

The interchange of the sum and integral between lines 1 and 2 is justified (for
S > 0 and ¢ fixed) since the sum over j is absolutely convergent, as the integral
over k is bounded and uniformly convergent with respect to k.

The change inside the square brackets between lines 2 and 3 comes from
the Poisson summation formula in the ¢ variable, and the fact that the Fourier
transform of yg+ (£)e!**+9) is —i(k2 + o + ¢)~!(with ¢ dual to t).

The first term on the right side of (3.11) agrees with that in (3.10). Since
(e=Vele®=yl _1) is analytic in o'/ and has no constant term, the second term
is analytic in /2. The third term is analytic in 0. When added together, these
terms become f(o,t) which is analytic in o!/2. The result is valid for arbitrary
o by analytic continuation.

Since 1o (z) is supported on a compact region, |c(t) — y| is bounded (say by
C5) and exponential growth follows. The result follows for all z by translation
invariance of e??2t. O

We now determine the Zak transform of the integral operator in (3.4) and
compute the resolvent of it.
3.2 Construction of the resolvent

We now apply the Zak transform to (3.4) to construct an equivalent integral
equation.

Proposition 3.7 Let f(t) be Zak transformable. Consider the integral operator:

0 \f / exp( _Zit_s))2)f(t—s)% (3.12)

For So > 0, define Z[Ky f](o,t) = (K(0)Z[f])(o,t). Then:

£ 1) \f/ exp< _Z(;_S))Q)ei”SZ[f](a,t—s)% (3.13)

15




For So < 0, we define K(o) to be the analytic continuation of K (o) (where it
exists).

Proof. We rewrite (3.12) as

\f/ exp( _Cf—s))2>f(t—8)%
\f / exp( _Zf—s))2>f(t—8)m+(8)% (3.14)

Applying Z to both sides of (3.14) yields

Z[Ky fl(o,t) =) eI Ky f](t + 2mj /w)
JEZ

= \/;jze% el ttH2mife) /RGXP (l (elt) - Zit — 8))2) f(t+2mj/w— s)xr+ (S)%

e [ oo (02l s>>2>

S = s 2w )| v ()2
JEZ s
i [ (c(t) — et —9)2\ ds
=4/ - sz t—8)—— .1
Vi [ e (O oz 9% a5
This is what we wanted to show. O

We now show that the operator K (o), constructed above, is compact. We
decompose K(o) as Kp(o) + K1 (o) (defined shortly), and treat each piece
separately.

Proposition 3.8 Define Kr(o) : L?(S1,dt) — L%(S%,dt) by

Then, Kr(o) is compact and analytic for So > 0. It can be analytically con-
tinued to So < 0, ¢ # 0, and the continuation has a o~'/? branch point at
o =0.

Proof. We compute this exactly by expanding f(t¢) in Fourier series and
interchanging the order of summation and integration:

—znwt z(n-l—nw)s —inwt 3.16
\[Zf ¢ Z me (8.16)

neZ
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This is valid for So > 0, as well as o = 0 but in this case we must treat the
integral as improper.

Thus, in the basis e=™“! this operator is diagonal multiplication by (o +
nw)*l/ 2. Compactness follows since the diagonal elements decay in both direc-
tions. Analyticity for o # 0 follows by inspection of the right side of (3.16), and
choosing the branch cut of v/o + nw to lie on the negative real line. O

Proposition 3.9 Define K1 (o) : L?(S',dt) — L*(S',dt) as:

Ku(o)f(t) = \/g/ooo [exp <z (e(t) - Z(: - 8))2) - 1} ei"sf(t—s)% (3.17)

Then K, (o) is compact for So > 0 and analytic for So > 0. It has continuous
limiting values at So = 0.

Proof. We rewrite (3.17) as:

[ ()

io(s+2rk/w)

—s)ds  (3.18)

If So > 0, the summands decay at least as fast as k~3/2 as k — co. Each term
in the sum is continuous. Thus the sum is absolutely convergent to a smooth
function in ¢ and s, which is analytic in o (thus the limit is analytic except when
S = 0). The region of integration is compact, and so is K (o). O

We now analytically continue Kp,(o) to the strip 0 < Ro < w.

Proposition 3.10 Let K'(o) be the integral operator defined by:

27w
K'(o)f(t) = /0 kl(t,s)f(t — s)ds (3.19a)

K (t, ) = %/c — Z:Zw [exp ((C(t) _Z](: - SW) - 1] % (3.19b)

where C is some contour along the real line in the upper half plane which avoids
the singularities of the integrand at p =0 and p = i(s + 27n/w) (see the proof
for a specific example).

Then K'(o) is an analytic (in o) family of compact operators for 0 < Ro <
w, and vanishes as o — +o00. Furthermore, K'(o) is the analytic continuation
of Kr(o). Finally, for o = —iX (with RA < 0) or 0 = —iA4w, K(0) is analytic
in the parameter \'/? or (o — w)'/2.

Proof.

Step 1: Analyticity

To perform the integral in (3.19b), we let yr(t) = twR/2m for t € R\
[-27/w, 21 /w], and Yg(t) = Rell™=(@t2m)/4 for ¢ € [~27/w,2n/w]. That is,
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~vr(t) travels along the real line, and circles upward around the disk of radius
R. The integral is then defined as limp_,o fm (+) dp.
To compute the behavior of the integral, simply take R = 27 /w:

WLt 5) = /}RW % [exp ((C(t) - Z](j - 5))2) - 1} jl/—%
()

4 27 o {exp ((C(t) —clt = s))Q) - 1] L (320
w 4is Vis

The integrand in the first term is analytic in ¢ and s since p stays away from 0
(thus avoiding the essential singularity at p = 0). It is exponentially decaying
both for large positive p (at the rate e(“~“P) and for large negative p (at the
rate e77?). If Ro = 0 or Ro = w, the integrand still decays at the rate p3/2,
which is integrable.

The last term is integrable at s = 0 and analytic (in s) elsewhere. Thus,
k! (t,s) has only a singularity of order s~1/2 and is analytic elsewhere. This
shows that K’(o) is a compact family of operators, analytic on o.

Step 2: Vanishing of the operator as So — 400

We examine (3.20). The first term vanishes as So — oo by the Riemann-
Lebesgue lemma. The second term vanishes since €7 does. Thus, k/, (¢, s) — 0,
and so does K'(o).

Step 3: Continuation of K, (o)

To show that K'(0) = Kp(o) if So > 0, we simply move the contour of
integration in (3.19b) upward and collect residues:

~/]R+Oi % [EXp ((c(t) —Z;t - s))2> B 1] %
) A}Enoo l/RszN/w 1- Z:mes [eXP ((C(t) _ Z](: - 5))2> B 1] %

3 Bt o (o) L]

=3 e [ (SRESE0) - e
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We then integrate this kernel against an L?(S*, dt) function f(t) and obtain:

2 /w
/ / \/7 Z 2mi la(s+27r]/w)
2w

: {eXp <(C4(:)s_+cgm_/i)))2) B } i £ oni/w) f(

\[/ o (i )_Z(;_S))Q)—]mf( SE

This is in agreement with (3.17). Hence, K'(0) = K, (o) for So > 0, Ro € (0,w)
and therefore K’(o) is the analytic continuation of K (o).

Step 4: Singularity at ¢ = 0,w

We now wish to show that K’(—i)) is analytic in VX for ¢ = —i), and
similarly that K(—i\+ w) is analytic in A\. To do this, we proceed as in Step 3,
but push the contour down instead of up. We rotate the contour v, U 2 U s,
with 3 = [—ico — R, —R)], 72 which goes around the unit circle of radius R in
the upper half plane (as in step 1), and 3 which is [R, R — i00]. This lets us
avoid concerning ourselves with the singularities of the integrand; the important
behavior is the decay near p = —ioc.

Note that the integral kernel of K’(—:)) is given by

Wt = [ e () ]

while that of K'(—i\ + w) is given by:
—iAp ,wp _ _ 2
e e [ b <(c(t) c(t —9)) ) 1} dp

’
Tiatw(tss) 2/ T ormis |€X —=
i Y1Uy2Uvs 1 — ewpmtws 4p \/]3

First, observe that the integral over 7, is analytic in A, provided R # ws. Thus,
choosing a different R for ws < (3/4)m and ws > (1/4)7 shows analyticity in A.

We consider the case 0 = —i), the case 0 = —iA 4w being treated similarly.
We now observe that, for ®p = R (the same argument applies to p = —R),
the integrand (over 73 or 71) becomes a Laplace transform:

LS%{EXP((C(ﬂ—Zt—s ) ]713_

—i00 —iAp _ —
—iAR e (t) —c(t = s))* dp
= B T ——— — 1
€ /0 1 — ew(pt+R)—iws [exp < ( ) D+ R

We then observe that we can rewrite

(c(t) = c(t —5))? I —3/2
[exp( 0+ B )—l}m—(p—FR) 3I2H (e(t), e(t — s),p+ R)

— s)ds
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with H(c(t), c(t — s),p + R) analytic in p for p # R, and therefore analytic on
the contour in (3.21). This follows since e* — 1 = O(z) near z = 0. We now
substitute this back into (3.21) and change variables to iA\p = z, to obtain:

. < 1 H(c(t),c(t — s),—iz/\+ R) dz
_ iIAR z ) ) e
(3.21) = —ie /0 e 1 _ ew(—iz/A+R)—iws (—iz/\+ R)B/Q Y
. _ < 1 He(t),e(t —s),—iz/ A+ R)
_ _\1/2 _—iAR z ) )
= —iX/%¢ /0 S Gy Wy ) g (“iz + RA)/2 dz
(3.22)

The integrand is analytic in ), and absolutely convergent. The power of \'/2
makes the net result a ramified analytic function. The same argument can
be applied to 71, replacing R by —R. Thus, we have shown that &’ , (¢,s) is
analytic in A\'/2. This implies that K(—i)) is analytic in A'/2. As remarked
before, the case K(—i\ + w) is identical, so the proof is complete. ([

Now we have shown that K’ = K. In addition, now that K(o) and
Kr(o) are defined, it is clear that Kp(o) + K(0) = K(o). Thus, K(o) =
Kp(o) 4+ Kr(0) can be analytically continued to the region o < 0. Next we
show that K (o) grows at most exponentially as So — +o0.

Proposition 3.11 K (o) vanishes as So — oo.

Proof. We break K (o) up as K(0) = Kr(0)+ Kr(o). The first term, K (o)
is bounded (away from o = 0) simply by inspecting (3.16). The second vanishes
near o = oo by Proposition 3.10. ]

We have now shown that K (o) : L2(SL,dt) — L?(SL,dt) is an analytic (in
o) family of compact operators. This allows us to construct the resolvent.

Proposition 3.12 The operator (1 — K(o))~! is a meromorphic (in o) family
of bounded operators. This implies that if (1 — K(c))~! has a pole of order n at
a point o = &, we then have the following asymptotic expansion as o — Fy:

=0

where D(o) is analytic near &i. Yy ;(t) solves (1 — K(61))Yk,;j(t) = Yi;—1(t)
(with Yy, —1(t) = 0). The functions Yy ;(t) are all L*(SL) functions.

If 5, = 0, then the same result holds, except that the poles are in the variable
Vo instead of (o — &y).

An additional result (which we use later) is that if (1— K (c))~! has no poles
in the variable o*/2 near o = 0, then Poy(0,t) = (1/2) Jg Yo(x)dz, where Py is
projection onto the zero’th Fourier coefficient.

Remark 3.13 Note that we do not assume that dim Ker K (%) # 1. We
choose the convention that if the dimension of the kernel is greater than 1, we
consider this to mean that &, = &y for some k # k’. Thus, one can have
degenerate resonances as well as degenerate eigenvalues.
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Proof. This is merely the analytic Fredholm alternative theorem. There is
only one technical point regarding the behavior near ¢ = 0 due to the fact that
K (o) is singular there.

This can be remedied as follows. Note that K (o) = Kp(o) + K1(0). For
small o, we use the following resolvent identity:

(1-K(o)™' = (1~ Kp(o) - Ki(0))™"
=[1 - Kp(@)7'(1 - Kr(o)1 - Kp(o)] ™) ™" (3.24)

The operator [I — Kp(o)]~! is analytic in o'/2 (for small o), being defined by
1 _ Kf Zf e Wt — Z(l o 071/2)71fj67ijwt.
J

Since Kp,(0) is compact, the Fredholm alternative applies to the resolvent of
(1 — Kp(o)[1 — Kr(0)]™Y), implying that (1 — Kp(o)[1 — Kpr(o)]71)~! and
therefore (1 — K(o))~! is meromorphic in o/2

If this operator has no poles in the variable o'/ near o = 0, then y(o) is
analytic in ¢'/2 for small ¢. We then rewrite (3.8) as:

(1 - Kp(o)(1 = Po) = Kr(0))y(0,t) + 0~/ Poy(o, 1)

=0_1/2(1/2)A¢0(x)dx+f(01/27t)

Matching coefficients to to order o~'/2 as ¢ — 0 shows that Pyy(0,t)
(1/2) Jg vo(w)da

ol

Proposition 3.14 Define K (o) as K (o) with c(t) replaced by ec(t) (so in par-
ticular, K1(0) = K(0)). Then the position of the poles of K.(o) are ramified

analytic functions of €, the field strength, except possibly near &, = —ico. For
small €, there is only one pole 5y near the real axis (corresponding to the dressed
bound state) and all other poles are located near o = —ico.

Proof. This is basically the analytic implicit function theorem, using the fact
that K.(o) is analytic in €, and Ky(0) = Kp(o) (c.f. Proposition 3.8).

We first show that no poles form spontaneously. Consider a compact set,
bounded by the curve . Then define

R,. = L [l — K.(0)]'do

Provided [1 — K(o)]~! is analytic on v (in o and € jointly), then R, . is analytic
in €. For e =0, we find that:

[1 - Ko(o Z freT ™t =31 = (0 + nw) AT fem Mt (3.25)

n
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which has one pole on [0,w), and no others. Since ||K.(c) — Ko(o)|| < Ce (with
C depending in vy and o), [1 — K.(0)]7! is analytic on and inside « for small e.
Thus R, = 0 for small ¢, and by analyticity is zero on any interval € € [0, ) on
which it is analytic. R, . is analytic as € varies from € = 0, until [1 — K (o)] !
becomes singular on . We therefore find that R, . becomes nonzero only after
poles of K (o) have crossed v, i.e. no poles formed spontaneously inside ~.
The same argument shows that spontaneous poles of higher order do not form
if we use R,’jﬁ_ = fv fr(o)1=K (o) do (for fr(o) a function with nonvanishing
k-th derivative) instead of R, .. This argument implies that any poles which
are not present for ¢ = 0 must come from o = —iocc as € is “switched on”.
Analyticity of & follows immediately from Theorems 1.7 and 1.8 in [23,
page 368-370] (see also the discussion following Theorem 1.7). These results
show that any eigenvalue A(e,0) of K(o) is an analytic function. Poles occur
where A(e,0) = 1. By the implicit function theorem, & = i (€) is ramified
analytic. O

Remark 3.15 The only obstacle to proving the absence of poles moving in
from o = —ioo is a lack of bounds on the norm of [1 — K(o)]~1. If we had such
bounds, it would be possible to show that the only pole of [1 — K(o)]~! is the
the analytic continuation of the bound state for E(¢t) = 0. In other cases we
have considered [8, 9] such bounds were proved, and there is no fundamental
reason it should not be true in this case as well.

3.3 Time behavior of ¢ (z,1t)

We have now shown that K (o) is a compact analytic operator. By the Fredholm
alternative, (1 — K(o))~! is a meromorphic operator family. By deforming the
contour in (3.6a), we can determine the behavior of Y (¢). Once this is complete,
we can calculate @y ;(z,t) and ¥y (x,t) and finish the proof of Theorem 2.

Proposition 3.16 The function Y (t) has the expansion:

M-—1 Nk

Y(t)= YD art?e Y () + Dar(t) (3.26)
k=0 j=0

with Yy, j(t) the residue of [1—K (0)] ™1 at 61 and aj i = (2 /w){yo(5x, 1)|Yi,; () /4.
M must not be greater than the number of poles of [l — K(o)]~t. If no . =0,
then Dy (t) has the asymptotic expansion:

Du(t) ~ > ety " Dj,t7I/? (3.27)
nez j=3

In particular this shows that |Das(t)| = O(t=3/2). If 6, = 0 for some k, Y (t) =
Dy (t) except that in (3.27) the sum starts at j = 1 rather than j = 3.
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Proof. Because (1 — K(o))~! is meromorphic in o, y(0,t) can be written as

2

y(o,t) = (1 - K(0)) yolot) = >

Jj=0

Vi i () (Ye,j (B)|yo(0 1))
(0 —ap)!

+D(o)yo(,1)

(3.28)
We compute Y (¢) using (3.6a), and shifting the contour:

Y(t) :w*l/ emi9ty (g, t)do

0+

—iK(M)+0; —iK(M)+w
=w! / e “ty(o,t)do +w™! / e "y(o,t)do
04 —iK(M)

w_ ) —tK(M)4w )
+w ! / e "'y(o,t)do + Residues = w™* / e "y(o,t)do
—iK (M) +w_ —iK (M)

—iK(M)+0 ‘
+wt / e ty(o 4+ 04, 1) — eIty (o L v t)do
0
+ Residues  (3.29)

If [1 — K(0)]~! has more than M poles, then we make K (M) sufficiently large
to collect M of them; otherwise, we simply collect all the poles. The residue

term is given by:
M-—1 ng

Z Z Oékyjtje_i&ktykd (t)

k=0 j=0

stemming from the M poles with S5, > —K(M). By (3.6¢), we can change the
integral in the second to last line of (3.29) to:

—iK(M)
Wl / e~ (y(o + 04 1) — y(o +0_,8))do (3.30)
0

Note that y(o,t) is analytic in ¢'/2, and thus y(o + 04,t) — y(o + 0_,t) can
be expanded in a Puiseux series in ¢'/? (and a Fourier series in t). Watson’s
Lemma yields:

(3.30) = ofl/o

—iK(M

) oo
e—tot § e~ inwt § Djmo_j/?do_
nez 7=0

~wT Y ety T DT (/2)E 7 (3.31)
j=3

ne”Z

This is what we wanted to show.

When &5 = 0, the result follows simply by noting that the sum over j in
(3.30) starts from j = —1 rather than j = 0, thereby letting the sum on the
right of (3.30) start at j = 1 instead of j = 3.
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The integral from —iK (M) to —iK(M) + w decays at least as fast as
O(e K1) "and is included in Dy (t). O

We now reconstruct the wavefunction in the magnetic gauge. The basic idea
is as follows. We know that ¥5(0,¢) = Dar(t) + S pg STk an it e Y 4(t).
Using the fact that §(z)yp(x,t) = §(z)¥p(0,t), we find that ¢p(x,t) satisfies
the following equation:

10p(x,t) = (—8% + 2ib(t)8m) Yvp(z,t) —20(x — c(t))p(z,t)
= (=07 +2ib(t)0,) ¥p(z,1) — 26(z — c(1))Y5(0,1)
= (=02 + 2ib(t)0; ) Y (z,t) — 26(z — c(t))Y (t) (3.32)
We will use, for So < 0 a solution operator for the Floquet problem G(o)
(described shortly) to extend (3.26) to all x, thereby recovering (1.6). The

Gamow vectors will come from applying G(o) to Yy ;(¢), while the dispersive
part will come from applying this operator to Dy (t).

Proposition 3.17 Let G(o) be the solution operator for the equation:
(o +i0; + 0% — b(t) 0, )u(z, t) = —26(x) f(t) (3.33)

so that for So > 0, u(z,t) decays as x — +oo. By “solution operator”, we mean
that G(o) maps f(t) — u(z,t). Then G(o) can be analytically continued to the
region So < 0. The function u(z,t) = G(o)[—26(x) f(t)] has the expansion:

B b o e T L
yU) = Zm um’Re)‘m‘*I271/2)\;}_1_67””“”5eq:Am‘JrC(t), <0

(3.34a)

Am,+ = Fivo + mw (3.34b)

where f(t) — {Wm, r,Um.r} is a mapping from L*(SL) — I1*(Z x {L, R}). G(0o)
is also a continuous map, analytic in o'/? from L*(S}) — L?*(Bg x SL) with
Br = {z : |z| < R} for any (fized) R. Near o = 0, we have G(0)d(x)f(t) =
o"2(1/2)Pof(t) + O(1), with Pyf(t) the projection onto the zero’th Fourier
coefficient of f(t) and the O(1) term being analytic in o'/2.

This result is proved in Appendix B. We are now ready to compute the
resonance decomposition, (1.6).

Proposition 3.18 The expansion (1.6) holds.

Proof. We work in the magnetic gauge, to simplify this part of the problem.
Note that ¢¥p(x,t) = ¥, (x + ¢(t),1), so in particular, ¥5(0,t) = ¥, (c(t),t) =
Y (t). Moreover, recall that the Zak transform commutes with periodic opera-
tors, such as the coordinate transform (x,t) — (x + ¢(t),t).

Additionally, in what follows, the notation A(c'/?) denotes a function ana-
lytic in o'/2 taking values in L?(SL,dt). Note that A(c'/?) may vary from line
to line and from equation to equation.
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Define ¢ (z,t) = ei2teic®dsy () to be the solution of the Schrédinger
equation in the magnetic gauge with no binding potential, and initial condition
o(x). Define 1g(z,t) to be the scattered part of ¥(z,t), i.e. the solution of
(3.32) with t5(z,0) = 0. This implies that ¢p(x,t) = r(z,t) + bs(z,t).

By Zak transforming (3.32), we obtain the following equation for ¥g(o, z,t) =
Z[s](o, z,t):

(0 +1i0y)Vg(o,x,t) = [-A + 2ib(t) 0] y(o,t) ¥ s(0, x,t) — 20(x)y(o,t)
Equivalently:
Us(o,2,t) = — [+0 40 + A — b(1)8,] ™" 20(2)y (o, t) (3.35)

This has the solution ¥g(o, z,t) = —G(0)2§(x)y(o, ).

Note that by Proposition 3.6, for each z, (o, z,t) = Z[¢1](o, z,t) takes
the form (1/2)0~Y/2 [4o(x)dx + f(o'/?, 2,t) with f(o'/2, 2,1).

We can now reconstruct ¢z (x,t) by inverting the Zak transform of ¥ (o, x,t) =
U,(o,x,t) + Vg(o,z,t):

w

Yvp(z,t) = wil/efwt\l'(o,x,t)da

0
—iK (M) —iK(M)+w w 4
:/ e_”t\I!(a,x,t)dJ—l—/ e_”t\I!(J,x,t)da—i—/ e "M (o, 2, t)do
0 —iK (M) —iK (M) +w
+ Residues  (3.36)

Note that both ¥;(o,z,t) and ¥g(o,z,t) are bounded on for fixed z, and
for So = —iK(M). Thus, the integral over the contour [—iK (M), —i K (m) + w]
decays like O(e=K(M)*) Thus, (3.36) becomes:

P(x,t)

—iK (M) —iK(M)+w
= / e_”t\Il(J,x,t)dU—/ e "W (0, z, t)do + Residues + O (e K (1Dt
0 w
(3.37)

We show that the contour integral in (3.37) gives rise to the dispersive part,
while residues give rise to the resonance.

The Residue Term, 5, # 0

By substituting (3.23) into (3.36), we find that when & # 0, the residue
term (for each pole) takes the form:

L .2 . .

e 2 G5 i (Vs Oln(5.1) = cpae” D (a1) (339
with ag; = (Yi,;()|yo(6.t)) and Py j(z,t) = G(6k)0(x)Yy ;(t). This follows
because y(o,t) has a pole at 0 = g5 with residue Y3 ;(t), and analyticity of
G(o) (recall Proposition 3.17, in particular (3.34a)) shows that ¥ (o, x,t) has a
pole at o = &, with residue @y j(x,t). Thus we have proved (1.4c).
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The Dispersive Part
To compute the integral term of (3.37), note that we must compute:

—iK(M) —iK(M)+w
U (z,t) = / e ' (0o, 2, t)do —/ e (g, 2, t)do =
0 w

—1K (M) A
/ e (0,2, t)do — e TFON (0 + w, 2, t)do
0

—iK (M) ,
= 2/ e G(0)8(x)y(o,t) — e TG (0 + w)d(x)y(o + w, t)do
0
+ O(e~KONY) (3.39)
Since Z[f](c + w,t) = e“'Z[f](o,t), we find that:

et (\Iﬁ(o,x,t) —e (o + w, x,t)) = e 9NV (0,2,t) =TV (00, 2,1))
(3.40)

Using the fact that U (o, z,t) = 0= %/2(1/2) [ 4o(z)dz+A(c/?) (by Proposition
3.6) we find that:

(3.40) = e~ (0 + 0)"1/2(1/2) / o(z)dz + A(0?)
—e (g — 0)*1/2(1/2) /wo(x)dx + A(al/z)
_ eii"tafl/z/wo(x)dx +67iUA(0'1/2)

Plugging this into (3.39) yields:

—iK (M)
(3.39) = t~1/2 /wo(x)dx + / et A0V /?)do
0
—iK (M) ,
- 2/ et G(0)d(2)y(o,t) — e NG (o + w)d(2)y(o + w, t)do
0
+ O(e~ KONy (3.41)
Again using the identity Z[y](o + w,t) = ' Z[y](0,t), we find:
—iK (M)
(3.41) =t~ 1/2 /wo(x)dx + / et A(o/?)do
0

—iK (M)
- 2/0 e ' [G(o +0)d(x)y(o +0,t) — G(o — 0)d(z)y(c — 0,t)] do

+ O(e” KDYy (3.42)
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Since G(0)d(z) = 0= /2(1/2) Py + (C + A(c/?)) near o = 0, the second to last
line of (3.42) becomes:

—iK(M)
[ e o0 B e +0.0 +(C+ Al )yto + 0.
— (0= 0)"Y2(1/2) Pyy(o,t) + (C + A(c'/?))d(z)y(c — 0, t)] do
—iK (M)
= / e o2 Pyy(0,t) + et A(0/?)do  (3.43)
0

If (1 — K(o))~! has no poles near o = 0, then Pyy(0,t) = (1/2) [to(z)dz (see
Proposition 3.12), and plugging (3.43) into (3.41) yields:

—iK(M)
U (z,t) = t71/2/¢0(x)dx +/ et AoV ?)do
0
—iK(M) —iK(M)
—/ e totg=1/2 {/ ¢0(x)dx] d0+/ et A(oY?)do
0 0
—iK(M)
= / e Aot do + O(e KDY (3.44)
0

The integral in the last line of (3.44) is a Laplace-type integral, and A(c'/?) is
analytic in ¢'/2. Watson’s lemma therefore yields (1.7), and analyticity in ol/?
shows that the sum in (1.7) starts at n = 3. If (1 — K(0))~! has poles near
o =0 (i.e. & =0 for some k), then the sum will begin from n = 1 (see below).

The Residue Term, 5, =0

In the event that (1 — K(c))~' has poles in ¢/ near ¢ = 0, the only
difference in the above analysis is that the ¢—/2 terms coming from yo(o,t)
will not cancel the ¢='/2 terms coming from G(o)d(z)y(o,t). Thus, (3.44)
instead becomes:

M’

—iK(M) do(r.t |
V() :/0 e "t Z ;g’/; + A(c'?) | do + O(e= KM

n=1

The order of the pole, M’, can not be larger than 2 since this would imply
that Wy (x,t) grows at the rate "/2-1 which would contradict conservation
of probability. If the order of the pole is 2, this corresponds to a Floquet bound
state at zero energy, and if the order is 1, this corresponds to a zero energy
resonance, and (1.6) holds with the sum starting from n =1 in (1.7). O

We have thus far proved all of Theorem 2 except for the fact that ® o(x,t)
decays at x = +o0 if IF, = 0.

Proposition 3.19 Suppose that Io, = 0. Then @y o(x,t) decays at x = too
and YR =0 for all n < 0. Furthermore, the pole is of order 1.
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Proof. It is clear that unitary evolution implies:

w 2n/w  rR
= / [ (z, t)|? dodt < 1 (3.45)
21 Jo -R

If the pole is of order greater than 1, then:

ngk
Y@, t) = ok e D (2,t) + Y ag je O By (@, t) + Uar(x,t)
=0 K #k

But the second two terms decay, while the first grows with time. This contradicts
unitary evolution, unless ng = 0. Thus the pole must be of first order.

Now suppose that in the expansion of @y o(z,t), at least one PR £ 0 with
n < 0. Then ®jo(z,t) will oscillate with x rather than decay. This implies

that:

w 2n/w  prR 0

— / |Pr j(x,t)|" dedt > CR

21 Jo -R
for sufficiently large R and some C' > 0. On the other hand, the rest of ¢ (z,t)
(the dispersive part, and the exponentially decaying poles) which we denote
R(z,t) decays with time. This implies that for t > tgr (with Tk chosen large
enough so that |R(x,t)| < ¢/v/2R that:

o, Ol = [ro(@.t) + R, t)l| = |@ro(z,t)]| — |R(z, )| = VOR — ¢

Selecting R > (2 + ¢€)/C causes ||1)(x,t)|| > 1, contradicting unitary evolution.

Intuitively, what this means is the following. The modes %% with n < 0
correspond to radiation modes. If such a mode is nonzero, then @y o(x,t) will
be emitting “radiation” without decaying, which is clearly impossible. O

4 Concluding Remarks

In this paper we studied the interaction of a simple model atom with a dipole

radiation field of arbitrary strength. We obtained a resonance expansion, in

which resonances can be resolved regardless of their complex quasi-energy. In

particular, we obtained a rigorous definition of the ionization rate v = —234dy

and Stark-shifted energy, Ry for the k-th resonance. We further showed that

complete ionization occurs (v > 0) when E(t) is a trigonometric polynomial.
Some possible future directions of research include:

4.1 Perturbative and numerical calculations

The main feature of our method is that it turns a time dependent problem
on R into a compact analytic Fredholm integral equation. This implies that a
family of finite dimensional approximations can be used (in the Zak domain) to
approximate solutions to the time dependent Schrodinger equation.
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We believe that the quasi-energy methodology used here and in related pa-
pers [6, 9, 8] can be used for quantitative calculations of realistic physical sys-
tems. Perturbative calculations along these lines have recovered Fermi’s Golden
Rule and the multiphoton effect.

4.2 Extension to 3 dimensions

In the case of Hy = —A — 25(%) with # € R3, a similar equation to (3.4) can be
derived. Due to the fact that (&) is not in H—1(R?), 1 (Z,t) becomes singular
at t = 0F. This can be remedied by considering weak solutions” [30], and an
equation similar in most respects to (3.4) can be derived which governs the
evolution [14]. For this reason, we believe most results can be adapted to this
case, as has been done for Hy = —A — 2§(x) + E(t)d(x) [9, 6, 26].

A Proof of Proposition 2.2
We observe that by the results of Section 3, if a bound state exists, then:
d}B (O, t) _ ea(t)/467ia(t)yk (t)

Setting z = e~ and y(z) = Yi(t), we wish to show that y(z) = f(z) + g(2)
with f, g both entire of exponential order 2n. This is equivalent to showing that:

[Yi(t +ic)| < Cexp[C’ exp(|2Nwal)]

The function Yy (¢) satisfies the equation:

27 fw 2m/w
Yi(t) = /0 K'(t,s)Yi(t — s)ds = —/0 K'(t,t — s)Yi(s)ds

with /(¢ s) as defined in (3.19b). Thus we obtain the bound:
27w
|Yi(t +ia)| < / |K'(t + i, t +ia — )| |Yi(s)| ds (A1)
0

and it suffices to bound |k'(t 4 i, t + ia — s)|. From the definition of k(¢ s),
we find:

K'(t +ioa,t +ia —s)

w eop _ {exp ((c(t+z’a) —c(s))Q) B 1] dp

T2 Joyor L — ewpto—iw p NG

Supposing a/w > 1 (we are interested in the behavior as &« — 00), the integrand
is analytic for z = rew, 0<r<land0O<@# <m. Thus, we can deform the
contour from R+ 0i to v = 9{z: Sz < Oor|z| < 1}.

7One considers the operator Hpo restricted to the domain D = {f(¥) : f(z) €
HY(R3) and f(0) = 0}. From this domain, one can construct a self-adjoint extension of
Hyp, thus allowing the evolution to be defined.
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Note that for some constant C, |¢(t + ia)| < CeN¥lel, since ¢(t) is a trigono-
metric polynomial of order N.

We find that there are three regions of integration which contribute to &’(t+
ia,t + i — s). The regions of integration contributing come from the region
near 1 — ewpta—iwlt=s) — (the pole of the integrand), large p and small p.

If the pole is closer to R than 7/w, we deform ~ up to encircle it at a distance
piw. Otherwise, we ignore it. Therefore, in any case, for z € y, 1 —ewpTa—iw(t—s)
is uniformly bounded away from zero.

We then split v = 7« U7ys U7y, where v« = {p € v : |p| < (Ce
le(s)]| )%} and = =7\ 7<. We therefore find that:

Nw|a| 4

|K'(t +ia, t +ia — s)| < |residue]

eP (c(t +ia) — (s
c e 1— ewPJrafiw(th) |:eXp < 4p ) :| ‘ /
eP (c(t+ia) —
o] e () Iy

The residue can be bounded by:

|residue|
po(—artis(t—s))/w [ oo ((CltF10) — c(s)* \ 1
{ P (4(—a+iw(t— s))/w) 1} ViCa it —s))/w
< Cexp(C et 4 ia)|?) < Cexp(C exp(2Nw |al))

<C

We bound the integral over the compact region v~ simply by taking absolute

values:
e [exp <(c(t +ia) — 6(8))2) _ 1} ‘ v

~/Y< 1 — ewpta—iw(t—s) 4p \/m

< [v<| Cexp(Cexp(2Nw |a]))
For the integral over 7, we use the fact that if |z| < 1, [e* — 1| < e]|z]:

/ eP ‘ [exp <(c(t +ia) — c(s))Q) B 1” dp

1 — ewpta—iw(t—s) 4p \/m
/ e’ (CeMelol 4 Jle(s)ll p)® | _dp
. 1 — ewpta—iw(t—s) |p| \/m
e?

=3/2| dp < Cexp(Cexp(2Nw |al))

< CeQNw\oz\ /
V>

Combining these estimates, we find that k'(t + i, t + i — s) has the required
growth as a — oo, hence Yy () does. The same argument applies as « — —o0.

1— eprrafiw(tfs) p

30




B Proof of Proposition 3.17

We state a few results we need.

Theorem 4 (T. Kato, [23, page 368]) If a family T(c) of closed operators
on X depending on o holomorphically has a spectrum consisting of two separated
parts, the subspaces of X corresponding to the separated parts also depend on o
holomorphically.

Remark B.1 A few words of explanation are in order. In [23], they are given
in the commentary following the theorem.

The analytic dependence of the separated parts of the spectrum means
the following. Let M,, M/ be the spectral subspaces of T'(c), related to the
two separated parts. Then there exists an analytic function U(c) (called the
transformation function), with analytic inverse, so that M, = U(c)My and
M! = U(o)M]. For fixed o, both U(c) and U~!(c) are bounded operators on
the Hilbert space.

In addition, the spectral projections Pys(0) and Py (o) can be written as:

Py(o) = U(o)Pyu(0)U (o) (B.1a)
Py(o) = U(o)Pu (0)U (o) (B.1b)

We now prove a Lemma which allows us to reconstruct ¥(o, z,t) given solely
information about ¥(o,0,t). The basic idea is to treat the Schrédinger equation
as an evolution equation in z, with a “Hamiltonian” that is periodic in t.

Lemma B.2 Define the Hilbert space H = H'/?(SL,dt) @ L*(S},dt). Then
there exists a sequence Ny, with 0 < inf,, |N,,| < sup,, |Nm| so that

» ( 2_1/2A;11ie—imwte$)\m,j:C(t) )

¢m,j: = N, 2—1/2é—imwt61)\myic(t) (B2a)

is a Riesz basis for H. Here, A\p, + is defined as:

Am+ = Fivo + mw (B.2b)

Furthermore, the operator

Hd:efKafz‘at (1))+(8 b(o’f))]

is diagonal in this basis, with Hm + = A+ Pm +-

Moreover, if we define H as the span of {¢m +}mez and H™ as the span
of {&m,— ymez then e® is defined, bounded and analytic in o for Ro € [0,w)
(except at 0 =0) on HY for x <0, and on H™ for x > 0.

We are nearly ready to prove Lemma B.2. First a minor technical point.
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Remark B.3 Consider the sequence /o + nw, with o € (0,w). For n nega-
tive, 3o + nw grows like /|n|. For n positive, 3v/o + nw = O(n~'/?), and is

uniformly bounded below.

Proof of Lemma B.2. It is a simple calculation to show ¢, + are eigenvectors
of H with eigenvalues \,, +. To show that {¢:} is a Riesz basis for H, we show
that H is a bounded perturbation of a normal operator. Consider the family of
operators (analytic in ¢) on H:

i ()= (oo o) (i )+ (0 atn ) (o)

Consider also the family of vectors (parameterized by ():

9-1/2 )\;ﬁbliefimwteﬁ)\m,i c(t)

+ _ ;
{¢m,c} = {NWC( 9—1/2 g —imwt a FCm, £ c(t) >}mEZ

Np,,¢ is a normalizing constant which is defined implicitly; we discuss it
below. For ( =0, Np, ¢ = 1.

A simple calculation shows that (¢i7<,)\m,i) are eigenvector/eigenvalue
pairs of H¢. In particular, each A, + is separate from all the others. For
¢ = 0, they are also orthonormal in H. Let P (¢) be the associated spectral

projection operators, given by

PaO = [ (-2
where 7, is a closed curve containing only )\;tn o and no other eigenvalue of H.
Let U(¢) be the transformation function of Theorem 4 (see also Remark
B.1 and Eq. (B.1)). Since each A, + is separated from all the others and varies
analytically (except near o = 0), Theorem 4 (using A, + as one of the separated
parts of the spectrum and {A\n,/ + }m/2m as the other) implies that:

PE) =UQPEOUC) = (UQ) ™" 65 U)o o
= (U T bm.o)U () m o

We know that U(¢)¢ , is a vector in the direction

m,0

2*1/QAalie*ithe:FCXm,iC(t)
( 271/2é7imwteq:g“)\m,ic(t) )

but this determines U(C)(b,imo only up to a constant (not necessarily real), de-
noted by Ny, ¢. Since U(({) is bounded above and below, 0 < HU(C)*Hf1 <
[Nmcl < [JU(C)|]. To compute the expansion of a function ¢(¢) in this ba-
sis, we use the formula ¥ = <U(1)_1w|¢fn70>. Since gbf,io is an orthonormal
basis, th}s set of coefficients is clearly in /2, with [? norm bounded below by
IU I 140, )[l5, and above by [[U(1)[[ |40, )]l
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Finally, we need to show that > P} (() + P,,({) = 1, interpreting the
sum in the strong topology. The sum is strongly convergent when ¢ = 0, since
the PE(0) are orthogonal projections. Multiplying on the left and right by the
continuous operators U(¢) and U(¢)~! yields:

1=UQUE)™ =U() <Z P 0) + P,;<0>> U
= UQP0)+ P (0)]UQ) ™" =D Pr(¢) + Pr(<)

This proves the Riesz basis property. To show boundedness of e, simply
note that the real part of the eigenvalues of H is bounded above on H™ and
bounded below on H~ for ¢ in compact regions not containing o = 0. Thus,
e is bounded on H*. Analyticity follows by observing that the eigenvalues
and eigenfunctions are analytic in o'/2, except near o = 0. O

We are now prepared to prove Proposition 3.17.
Proof of Proposition 3.17. Note that (3.33) can be rewritten as:

o )=u ()

Away from z = 0, the solution u(z,t) can be written (formally) as:

U(Z‘, t) _ _xTH U(Oia t)
< Dyl 1) ) =e ( &Cu(Oi,t) ,+x <0 (B.3)
At z = 0, the two matching conditions need be satisfied:

w(0F,t) —u(07,t)
O,u(07,t) — 0,u(07, 1)

0 (Continuity)
—2f(t) (Differentiability)

For So > 0, Ay, 4+ always has positive real part and A, _ always has negative
real part (recall (B.2b)). Thus, if u(x,t) is to vanish as * — 400, we find that:

( 895528 , ; ) = ;UM,R¢m,—(t)
0+,
( (9ng0+8 > = %:Um,L¢m,+(t)
Since ¢, + is a Riesz basis and [0, f(t)] € H, we can write:

< f(t? ) = me,+¢m,+ + fin,—Pm,— (B.4)

)

o~ o+

Choosing Um,r = fm,— and Um,, 1, = —fm + solves (3.33), at least on a formal
level. Since u(0F,t) € H* and u(0~,t) € H~, (B.3) makes sense. Since e* is
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bounded and analytic provided |z| < R, this is thus an analytic mapping from
L?(SL) — L?(Bgr x SL).

Now observe that both (B.3) and (B.4) can be analytically continued in
o, and the continuation also solves (3.33), therefore G(o) can be analytically
continued in o as well.

We now need only determine the behavior near ¢ = 0. By Taylor-expanding
(B.2a) in 0'/2, we find that:

do+ = No271/2 ( ¢o*1/i ) + ( O(UOI%; ) (B.5)

g [ Aplemimet o(1)
_ 2 m,
¢m,i = Np,2 1/ ( + it ) + ( 0(0_1/2) )

e

while

Thus, near o = 0, we find to leading order (plugging (B.5) into (B.4)) that:

fm,+ - fm,— =0
N2 Y2 (fg + fm) = DRof(t)
with Py f(t) projection onto the zero’th Fourier coefficient. This implies that
fo+ =uo.r = —uor = 22N (1/2) Py f (t)+O(c*/?). On all other coefficients,

the behavior is analytic in o since A, 4+ is analytic in o for m # 0. Thus for
small o:

o-1/2
ey = a2ro) () +ou)
and therefore G(0)d(z) f(t) = (1/2)o~Y2[Pyf(t)] + O(1) near o = 0. O

C Wellposedness

Well posedness of (1.10) (and by extension (1.9) and (1.1)) is sketched in an
example at the end of [33], though we sketch a proof for completeness. Let
Hj be a self adjoint operator and let V' (¢) be a time-dependent quadratic form.
Suppose the following conditions hold:

D(Hy) C D(V (1)) (C.1a)
There exist constants a € (0,1), b € (0,00) such that:

V() )] < alHy? fIHy* ) + b{fIf) (C.1b)

The function (Ho+1)"Y2V (t)(Ho+1)~'/2 is norm differentiable with derivative
(Ho +1)"Y2V'(t)(Ho +1)"/? and

V' (6)(f. )| < alHy> fIHy? f) + b{f|f) (C.1¢)
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If Hy, V(t) satisty these conditions, then by [33, Theorem 11], there is a constant
C so that Hy + V(t) + C is a K-generator (defined in [33]). It is then shown in
[33, Theorem 8] that a K-generator generates a unitary propagator U (¢, s), i.e.

0 (fIU (L, s)o) = ((Ho + V(1) + C)V2 f|(Ho + V() + C)*U (¢, s)0). (C.2)

Welet Hy = —92 and V (t) = ib(t)0,—26(z). (C.1a) clearly holds; D(ib(t)d,)
H'/?2 D H', while Sobolev embedding shows that D(—25(x)) D H*. (C.1c) fol-
lows simply by noting that V'(t) = E(t)d,, which is again —d%-bounded for
sufficiently large b.

(C.1b) can be verified with a = 1/2 Clearly, ib(t)0; is —d2-bounded with
a =1/4 (or any other a). Note that f(0) = [ f(k)dk. Thus:

(b+ k2/4)'/?
/f dk ’/ b+k2;4 5/ (k) dk

cofosstmniolsfos vl

2

(f126(x)f) = 21£(0

L2

=+ w207 [a/aE 1 )+ b1

We can make ||(b + k2/4)*1/2||iz < 1/2 by choosing b large; thus —246(z) is —92
bounded with a = 1/4. Adding the results together verifies (C.1b).

Thus, (1.10) is well posed. Applying the unitary transformations described
in Section 1.2 shows that (1.1) and (1.9) are well posed as well.
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Figure 1: A plot of R¢(z), for the specific choice of €(z) = 22 — 52— 5271+ 272
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