
It is then easy to conclude since (55) shows that for small e, the sign of ImVðK; eÞ is given by the sign of
ImaðKÞ. A standard compactness argument is used to prove the existence of e0. !

Geometrical interpretation. Condition (59) expresses the fact that, along the slowness curves, the slowness
vector and the group velocity are oriented in the same way with respect to the Ox1 direction (cf. Fig. 13).

Obviously, when considering a PML model in the x2 direction (i.e., parallel to the x1 axis), one has
the:

Corollary 1. A necessary condition of stability (high frequency stability) of the PML model in the x2 direction
is that; for all physical modes of the unperturbed system (21):

8K ¼ ðK1;K2Þ=jKj ¼ 1; S2ðKÞ $ V 2
g ðKÞP 0: ð60Þ

This result shows the importance of the role played by the group velocity in the stability analysis of PML
models. This role has been first pointed out by Trefethen in [34] (see also [35,36]) for the stability analysis of
finite difference schemes for linear hyperbolic systems and then by Higdon [23] for the well-posedness
analysis of initial boundary value problems for linear hyperbolic systems. Concerning the stability analysis
for PML models, we would like to mention [32] where the authors have related the instabilities observed
with the PMLs for the linearized Euler equations to the existence of waves for which the group velocity and
the phase velocity travel in opposite directions (see also Section 3.4.3).

3.4. Application of the geometrical stability criterion

3.4.1. Explanation of the observations of Section 2.5 via the analysis of slowness diagrams
The geometrical stability condition (59) is clearly satisfied in an isotropic medium. In this case, the

slowness curves are composed of two circles and obviously the vectors~SS and Vg are parallel. More generally,
it is easy to see that (59) will be satisfied as soon as the slowness curves are the boundary of convex sets,
which is the case for the orthotropic material (I) considered in Section 2.5.

Concerning the two orthotropic materials (II) and (III) of Section 2.5, we have represented in Fig. 14
their slowness diagrams. The first remark is that for all the slowness curves associated to the QP waves (i.e.,
the inside curve), the geometrical condition is satisfied, since these curves are all convex. This is a general
phenomenon that we will prove in the next Section (Lemma 3). Therefore, the violation of the high fre-
quency stability condition can only come from the QS waves.
• For material (II), one can see that for all K, one has V1ðKÞS1ðKÞP 0 and V2ðKÞS2ðKÞP 0, therefore the

high frequency stability condition is satisfied for a layer in the x1 direction as well as for a layer in the x2
direction. In this case, we did not observe any instability in the numerical results.

Fig. 13. Two different configurations. Left: the slowness vector~SS and the group velocity Vg are oriented in the same way with respect to
the Ox1 direction. Right: ~SS and Vg are not oriented in in the same way with respect to the Ox1 direction.
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